In this paper, we consider the cooperative robust output regulation problem for a class of heterogeneous linear uncertain minimum-phase multi-agent systems by an output-based event-triggered distributed control law. First, we convert the cooperative robust output regulation into the cooperative robust stabilization problem of a well defined augmented system via the distributed internal model principle. Second, we design an output-based event-triggered distributed control law to stabilize the augmented system, which leads to the solvability of the cooperative robust output regulation problem of the original plant. We also show that our distributed triggering mechanism is able to prevent the Zeno behavior for all time. Finally, we illustrate our design by an example.
I. INTRODUCTION
Over the past few years, the event-triggered control has attracted extensive attention from the control community. Compared with the conventional periodical time-triggered control, the eventtriggered control samples the system's state or output aperiodically and is efficient to reduce the waste of the communication resources and maintain the control performance. As noted in [6] , the event triggered control is reactive and generates sensor sampling and control actuation when, for instance, the plant state or output deviates more than a certain threshold from a desired value. Up to now, various event-triggered control problems have been studied for several types of systems in [3] , [5] , [10] , [11] , [14] , [17] , [18] and the references therein. One of the main challenges for the event-triggered control is to avoid the Zeno behavior, which means that the execution times become arbitrarily close and result in an accumulation point [17] . In [17] , the stabilization problem of a given system by a state-based event-triggered control law was linked to zero.
The rest of this paper is organized as follows. In Section II, we give the problem formulation and some preliminaries. In Section III, we summarize the main result in [16] where the continuous distributed output feedback control law was designed to solve the problem. In section IV, we present our main result. In Section V, we give an example to illustrate our design. Finally, we close this paper in Section VI with some concluding remarks.
Throughout this paper, we use the following notation: For any column vectors a i , i = 1, ..., s, we denote col(a 1 , ..., a s ) = [a T . The notation x denotes the Euclidean norm of vector
x. The notation A denotes the induced norm of matrix A by the Euclidean norm. The notation ⊗ denotes the Kronecker product of matrices. Vector 1 N denotes an N-dimensional column vector with all elements being 1. λ max (A) and λ min (A) denote the maximum eigenvalue and the minimum eigenvalue of a symmetric real matrix A, respectively.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following linear multi-agent systemṡ
where z i ∈ R n i −r and ξ i = col(ξ 1i , · · · , ξ ri ) ∈ R r are the states, u i ∈ R is the input, y i ∈ R is the output, w ∈ R nw is an uncertain parameter vector with w = 0 as its nominal value, b i (w) > 0 for all w ∈ R nw , and v(t) ∈ R nv is an exogenous signal representing both reference input and disturbance and is assumed to be generated by the following linear systeṁ
Denote the output of exosystem (2) by y 0 = F (w)v ∈ R. Define the regulated output of each subsystem as
Here,
and F (w) ∈ R 1×nv are some real matrices, c ki (w) are some real numbers, and they are all continuous in w.
System (1) is called a linear multi-agent system in the normal form and it is said to be minimum phase if the matrices A 1i (w) are Hurwitz for all w. Systems (1) and (2) can be viewed as a multi-agent system with (2) as the leader system, and the N subsystems of (1) as N followers.
The cooperative output regulation problem for systems (1) and (2) was studied by continuous distributed control law in [16] .
As in [16] , given the plant (1) and the exosystem (2), we can define a digraphḠ = (V,Ē) 1 , whereV = {0, 1 · · · , N} with 0 associated with the leader system and with i = 1, · · · , N associated with the N followers, respectively, andĒ ⊆V ×V for all t ≥ 0. For all t ≥ 0, each j = 0, 1, · · · , N, i = 1, · · · , N, i = j, (j, i) ∈Ē if and only if the control u i (t) can make use of y i (t) − y j (t) for feedback control. LetN i = {j, (j, i) ∈Ē} denote the neighbor set of node i. To define our control law, we recall that the adjacency matrix of the digraphḠ is a nonnegative
Like in [16] , define the virtual output for the ith subsystem as 
Letẽ
Then we introduce the following event-triggered mechanism
where h i are some nonlinear functions. Our control law takes the following form:
where f i and g i are some linear functions, and K 1 and K 2 are some real matrices with proper dimensions. Since the event-triggering mechanism (6) and the control law (7) are both distributed and output-based, and they together are called as the distributed output-based event-triggered control law. As noted in [11] , a key issue for the event-triggered control is to guarantee that there exists a real number
The triggering mechanism (6) is said to have a dwelling time if such a real number τ d exists. Clearly, the Zeno behavior can be avoided if the dwelling time τ d exists.
Our problem is described as follows:
Problem 2.1: Given the plant (1), the exosystem (2), a compact set W ⊂ R nw containing the origin of R nw , and a digraphḠ, design an event-triggered mechanism of the form (6) with a dwelling time and a control law of the form (7) such that the resulting closed-loop system has the following properties: for any w ∈ W,
1) The origin of the closed-loop system is asymptotically stable when v is set to zero; 2) For any z i (0), ξ i (0), η i (0), ζ i (0), i = 1, · · · , N, and v(0), lim t→∞ e(t) = 0.
Like in [16] , we need some standard assumptions as follows. Assumption 2.1: S has no eigenvalues with negative real parts. Assumption 2.2: For i = 1, · · · , N, each subsystem of (1) is minimum phase for any w ∈ W, i.e. A 1i (w) is Hurwitz for all w ∈ W. Assumption 2.3: The digraphḠ is connected, i.e., it contains a directed spanning tree with node 0 as the root.
Remark 2.1: Under Assumption 2.3, by Lemma 4 in [7] , H is nonsingular and all eigenvalues of H have positive real parts.
III. THE EXISTING RESULT
In this section, we will summarize the result of [16] , where the cooperative robust output regulation problem for system (1) has been studied by the continuous-time distributed output feedback control law.
As shown in [16] , under Assumptions 2.1-2.2, we can define a set of dynamic compensatorṡ
where (M, Q) is any controllable pair with M ∈ R l×l being a Hurwitz matrix, Q ∈ R l×1 being a column vector and l being the degree of the minimal polynomial of S. This set of dynamic compensators is called the distributed internal model of the system (1). Let
the minimal polynomial of S. Let T be the unique solution of the following Sylvester equation [13] :
and, for i = 1, · · · , N, let Π i (w) be the unique solution of the following Sylvester equation
Finally, let
and
Then, as shown in [16] , performing on the internal model (8) and plant (1) the following transformationz
leads to the following so-called augmented systeṁ
Then the main result in [16] can be summarized as follows. Lemma 3.1: Consider the following continuous-time distributed output feedback control law
where
h and K are some positive real numbers, and γ i , i = 0, 1, · · · , r − 2, and δ j , j = 0, 1, · · · , r − 1, are some real numbers such that the polynomials f (s) = s r−1 + γ r−2 s r−2 + · · · + γ 1 s + γ 0 and g(s) = s r +δ r−1 s r−1 +· · ·+δ 1 s+δ 0 are both stable. Under Assumptions 2.1-2.3, for any compact set W ⊂ R nw containing the origin of R nw , there exist some positive real numbers K * and h * such that, for any K > K * and h > h * , and any w ∈ W, the closed-loop system composed of the system (14) and the control law (15) is asymptotically stable. Remark 3.1: As noted in [16] , for some compact set W ⊂ R nw containing the origin of R nw , if the continuous-time distributed output feedback control law (15) solves the cooperative robust stabilization problem of the augmented system (14) for any w ∈ W, then the following continuous-time distributed output feedback control law
solves the cooperative robust output regulation problem of (1).
IV. MAIN RESULT
In this section, we will consider the cooperative robust output regulation problem for system (1) by the distributed output-based event-triggered control law.
Following the framework in [16] , the first step here is also to stabilize the augmented system (14) . For this purpose, according to the continuous-time distributed output feedback control law (15), we consider the following distributed output-based event-triggered control law
Then we obtain the closed-loop system composed of the augmented system (14) and the control law (17) as followṡ
Then system (18) can be put in the following forṁ
Let x c = col(z,ξ,η, ζ). Then system (19) can be further put into the following compact forṁ
with
According to Lemma 3.1, for any compact set W ⊂ R nw containing the origin of R nw . there always exist some positive numbers K * and h * such that for any K > K * and h > h * , the closed-loop system matrix A c (w) is Hurwitz for all w ∈ W. Then the following Lyapunov equation
always has a solution P (w) which is symmetric and positive definite. Next, we introduce some notation as follows. Let λ M = sup w∈W {λ max (P (w))} and λ m = inf w∈W {λ min (P (w))}.
where ρ is the total number of connected directed graphs associated with N +1 agents. In addition, the base of the natural logarithm is denoted by e. Then we introduce the following distributed output-based event-triggered mechanism
, σ ∈ (0, 1), β > 0 and α ∈ (0, λ) with λ = 1−σ λ M are some constants. Under the event-triggered mechanism (22), we easily obtain that, for any t ∈ [t
Remark 4.1:
Note that the centralized state-based event-triggered mechanism in [19] is equivalent to the following form
for some positive constant σ, the distributed state-based event-triggered mechanisms in [2] , [4] are equivalent to
for some positive constant σ, the distributed state-based event-triggered mechanisms in [1] , [15] are equivalent to
for some positive constants σ, α, β and γ and the observer-state-based event-triggered mechanisms in [8] , [20] are equivalent to
whereω i (t) and ς i (t) are the observer state and the observer state measurement error as shown in [20] , σ is some positive constant. It can be seen that our event-triggered mechanism (22) is output-based and distributed. Thus it is different from (24) (25) (26) and (27). In fact, (22) is motivated form [11] where the event-triggered mechanism is designed for the single system and thus not distributed. Now we first establish the following lemma. Lemma 4.1: Under Assumptions 2.1-2.3, for every compact set W ⊂ R nw containing the origin of R nw , there exist some positive real numbers K * and h * such that, for any K > K * and h > h * , the distributed output feedback control law (17) together with the distributed outputbased event-triggered mechanism (22) solves the cooperative robust stabilization problem for the augmented system (14) for all w ∈ W. Moreover, the event-triggered mechanism (22) has a dwelling time, thus preventing the Zeno behavior from happening. Proof: The proof consists of the following two parts.
Part I: First, it is easy to see
By (23) and the definitions of λ 3 , for any t ∈ [t i k , t i k+1 ), we have
which implies that, for any t ∈ [t i k , t i k+1 ),
Also, according to the definitions of λ 1 and λ 2 , we know
Combining (30) and (31), we have
According to (28), (32) and (33), we know that the time derivative of V (x c ) along the closed-loop system (20) satisfieṡ
By (34), we can easily obtain
. By (33) and (35), we have
Thus the distributed output feedback control law (17) together with the distributed outputbased event-triggered mechanism (22) solves the cooperative robust stabilization problem for the augmented system (14) . Part II: By the distributed output-based event-triggered mechanism (22), we have
On the other hand, by (36) and the definition ofẽ vi (t), we have
Combining (37) and (39), we have
which implies
That is to say the distributed output-based event-triggered mechanism (22) has a dwelling time
which is independent of k. Thus the Zeno behavior can be avoided for all time t ≥ 0. and h > h * , the following distributed output feedback control law
for t ∈ [t i k , t i k+1 ) with k = 0, 1, 2 · · · , together with the distributed output-based event-triggered mechanism (22) with a dwelling time τ d solves the cooperative robust output regulation problem for the system (1).
Remark 4.2:
It is also interesting to make some comparison with some existing event-triggered cooperative control problems. First, note that the systems studied in [1] , [2] , [4] , [9] , [12] , [15] , [20] , [21] contains neither external disturbance nor parameter uncertainty. In contrast, we achieve not only the asymptotical tracking but also the disturbance rejection, and allow the parameter uncertainty to belong to an arbitrarily large prescribed compact set. Second, the event-triggered mechanisms in [2] , [4] , [8] , [19] , [20] are state-based or observer-state-based and can only exclude the Zeno behavior under the assumption that the measurement state or observer state is not equal to zero, and the event-triggered mechanisms in [1] , [15] are also state-based and can only guarantee that the state of the closed-loop system converges to a bounded set. In contrast, our event triggered mechanism (22) is output-based, prevents the Zeno behavior for all time t ≥ 0 even if e vi (t) = 0, and drives the tracking error to the origin asymptotically.
Remark 4.3: The result in [11] can be viewed as a special case of Theorem 4.1 with N = 1. Also, as remarked in [11] , the larger β will lead to the fewer event-triggered times at the initial stage but will lead to the worse transient performance. This viewpoint will also be illustrated by the simulation example in next section.
V. AN EXAMPLE
In this section, we provide an example to illustrate our design. Consider a group of linear multi-agent systems as follows:
for i = 3, 4, and w = col(w 1 , w 2 , w 3 , w 4 ) with w i = col(w 1i , · · · , w 6i ) and w ji ∈ [−1, 1] for i = 1, 2, 3, 4 and j = 1, · · · , 6.
The exosystem takes the form of (2) with S = 0 1 −1 0 and the output of the exosystem is given by y 0 = v 1 . It is easy to verify that Assumptions 2.1-2.2 are both satisfied. Solving the Sylvester equation (10) gives ΓT −1 = [19, 9] . By Theorem 4.1, we can obtain a distributed output feedback control law of the form (42) and a distributed output-based eventtriggered mechanism (22), where various design parameters are γ 0 = γ 1 = 1, δ 0 = 36, δ 1 = 12, K = 3, h = 30,
and the design parametersσ, α and β are given in Table I . Simulation is performed with and the following initial conditions 
VI. CONCLUSION
In this paper, we have studied the cooperative robust output regulation problem for a class of heterogeneous linear uncertain multi-agent systems. By designing a distributed output feedback control law and a distributed output-based event-triggered mechanism, we have solved our problem and proved that the Zeno behavior can be prevented for all time even if the neighborbased measurement output is equal to zero. Our future work will focus on the event-triggered cooperative output regulation problem for nonlinear multi-agent systems.
